whenever (i, j) is an edge in the graph.
Let χ v denote the vector chromatic number of G. Karger, Motwani and Sudan observe that χ v ≤ χ. In this short note we show:
The proof relies on the following observation:
where the minimum is taken over all v 1 , . . . , v n ∈ R n . * Institute of Computer Science, Hebrew University Jerusalem 91904 Israel johnblue@cs.huji.ac.il. This research is supported by the Israeli Ministry of Science.
Proof : (Observation 2) By the Courant-Fischer characterization of λ n , it is equal to
Denote by P SD n the cone of n × n positive semi-definite matrices. For each unit vector x ∈ R n , let X be the matrix X i,j = x i x j . This is a positive semidefinite matrix of rank 1 and trace 1, and all such matrices are obtained in this way. Hence, λ n equals:
However, the rank restriction is superfluous. It restricts the solution to an extreme ray of the cone P SD n , but, by convexity, the optimum is attained on an extreme ray anyway. Hence, λ n equals:
Now, think of each X ∈ P SD n as a Grahm matrix of n vectors, v 1 , . . . , v n (i.e. X i,j =< v i , v j >). An equivalent formulation of (2) is thus:
Proof : (Theorem 1) By our observation, any choice of n vectors gives an upper bound on λ n . We now choose particular vectors, v 1 , . . . , v n . Let u 1 , . . . , u n ∈ S n be vectors on which the vector chromatic number is attained. That is, < u i , u j >≤ − 1 χv−1 for (i, j) ∈ E, and ||u i || 2 = 1. Let α ∈ R n be an eigenvector of A, corresponding to λ 1 . Set
Equivalently, χ v ≥ 1 − λ 1 λn , as claimed.
